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Unified Equation of Motion of a Test Charge in
Electromagnetic and Gravitational Fields
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This work starts by generalizing in a gravitational field the fundamental quan-
tum mechanical commutation relations between the coordinates of a charged
test particle and its momentum. Assuming that the components of the momen-
tum of this test charge obey a noncommutative algebra in the presence of an
electromagnetic field, it is proved that the commutator can be identified with the
electromagnetic field tensor. Using these results, the equation of motion of this
charged object in the presence of both the electromagnetic and gravitational
fields is derived from their field equations. In this work, the laws of motion of
a particle in the electromagnetic and gravitational fields has been unified with
the field equations. Although the field equations themselves are not directly
unified, this work strongly suggests that the scheme may act as a possible
framework for the unification of at least gravitational and electromagnetic
interactions.

1. INTRODUCTION

The Feynman-Dyson approach to electromagnetism (Dyson, 1990)
has some remarkable similarities to Einstein’s theory of gravitation. In the
standard framework, Maxwell’s ficld equations and the equation of motion
of a charged particle are completely independent. However, due to the
introduction of some commutation relations, Feynman obtained the most
important result that the field equations of electromagnetism not only
describe the spacetime behavior of the field, but also describe the motion
of the charged objects in it. The laws of motion of the charges can be
derived from the electromagnetic field equations and the Lorentz-covariant
commutation relations in a (3 + 1)-dimensional flat spacetime. In this way,
the theory unifies the field equations with the equations governing the
motion of the charges in an electromagnetic field. A similar phenomenon
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occurs in Finstein’s theory of gravitation (Weinberg, 1972). The equations
of general relativity unify the gravitational field equations with the equa-
tion of motion of the sources creating this field. But due to the nonlinearity
of Einstein’s field equations, the test particle can move in its own gravita-
tional field. However, Feynman and Dyson considered the electromagnetic
field due to some external sources and that has been identified with the
commutators between the components of the momentum of a test charge
in it. It is implicitly assumed that the test charge does not alter the existing
electromagnetic field and therefore the ultimate field equations remain the
linear Maxwell equations.

In this paper we gencralize the Feynman-Dyson theory to the
presence of a gravitational field. The covariant commutators in the curved
spacetime lead to unified equation of motion of test charges in elec-
tromagnetic and gravitational fields. This work may also be considered as
a framework for a possible unified field theory. In Section 2 we find the
relations between the fields and the commutators. In Section 3 we find the
unified equation of motion of the test charge and in Section 4 we discuss
our resuits.

In our notations x*=(ct, x) denotes the coordinates of the particle
with respect to an observer in a (3 + 1)-dimensional pseudo-Riemannian,
torsion-free spacetime with metric ds>=g,, dx* dx" (summation over the
repeated indices is always implied over the range 0-3). The signature of the
metric tensor g,, is (+1, —1, —1, —1). ¢ is the speed of light in vacuum.
The proper time of the observer is calculated from dr = (1/c) ds.

2. FIELD EQUATIONS OF GRAVITATION AND
ELECTROMAGNETISM

Suppose a particle of rest mass m, and charge ¢ exists at x* with
respect to an observer in some pseudo-Riemannian spacetime. p, is its
momentum. Following Dyson (1990), we assume the following commuta-
tion relations are obeyed by the particle:

[x* x*]=0 2.1)
[x* p,]= —ihd", (22)

As the spacetime coordinates follow a commutative algebra, the general
theory of relativity holds good in this spacetime. The equations for the
gravitational field which curves the spacetime will be given by the Einstein
equations

1 8nG
RHV_ERg#VZ — C4 Tuv (23)
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where the energy-momentum-stress tensor 7, is due to some external
sources not including the test particle, by definition. The definitions of
symmetric affine connection and Ricci curvature tensor are the usual ones
{(Weinberg, 1972):

T 5 =38"(0,8p+ 0p&ur— 0y &up) (2.4)
R, =0,0,(n./—g)—0,", + r+,r?,—r.o,n/—g) (2.5)
where g =det(g,;) and 0,=0/0x" As

[p,.8"]1#0 (2.6)

a suitable ordering convention is needed for defining the contravariant
components of the momentum, p*=m, dx*/dr. Using the standard (nor-
mal) symmetric ordering convention, one can define

p'=3(p. g +8"p,) (2.7)
Applying (2.1) and (2.2), we find
[x*, p"1= —ihg" (2.8)

It can be shown (Hojman and Shepley, 1991) that [x*, p*] is symmetric in
u, v indices and therefore the above result is consistent.

Hence the solution of Einstein’s equations with proper boundary
conditions will uniquely give the metric tensor of the spacetime, which can
be identified with the commutators between the components of coordinates
x* and momentum p" of the test charge.

Define an antisymmetric field F,, as

ic
F(x,p)=-—1{p. D] (2.9)
hq

We shall show that F,, satisfies the sourceless Maxwell equations in this
curved spacetime. The definition suggests that in general F,, depends on
both x* and p,. However, using the Jacobi identity

[x* [pws 2 1]+ Lpps [, x* 11+ Loy [X% pu11=0 (2.10)

with equations (2.2) and (2.9), one obtains

[x* F,(x, p)1=0 (2.11)
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If F,,(x, p) is analytic in at least some finite domain D(x, p) of x* and p,,

then from (2.1) and (2.2) (Merzbacher, 1970)
oF
[xoc’ Fyv(xa p)] = —ih - (212)
0P

in D(x, p). So equation (2.11) implies that F,, can be chosen independent
of p,in D, that is, F,, = F,,(x). Another application of the Jacobi identity
gives '

[pou [pﬁa pv]:] + [pﬂ’ [pya Poz]] + [pya [paa pﬂ]] =0 (213)

which by virtue of (2.9) gives
LPus Fp 1+ [pg, Frud + 1Py, Fop] =0 (2.14)
Since F,,(x) is analytic in D, equation (2.2) implies (Merzbacher, 1970)
[Pur Fpy(x)1= 0 0, F, (2.15)
Therefore (2.14) reduces to
0,Fg,+0pF,,+0,F, ;=0 (2.16)

in the domain D. These are the sourceless Maxwell equations in flat
spacetime. In curved spacetime the covariant derivative of F,, is defined by

D,F,;=0,F3—T" Fz—T",F, (2.17)

From the symmetry of the affine connection I'*,, in p,v and the anti-
symmetry of F,; it can be shown that (Weinberg, 1972)

D,Fg +DyF, +D,F,z=0,Fg+0sF,,+0,F,; (2.18)

Hence (2.16) becomes
D, Fg,+DgF,,+ D, Fopy=0 (2.19)

These are the well-known sourceless Maxwell equations in the presence of
a gravitational field (Weinberg, 1972). Therefore we see that the
commutators between the components of the momentum of the test charge
in a gravitational field identically satisfy the sourceless Maxwell equations.
If J#(x) is the source for the electromagnetic field, then the other Maxwell
equations
wxy=S p pw
J (x)—47I D,F (2.20)

will determine the commutators uniquely.
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Hence the solution of Maxwell’s equations in the curved spacetime with
proper boundary conditions will give the electromagnetic field tensor which
can be identified with the commutators between the components of the
momentum p, of the test charge.

3. EQUATION OF MOTION OF THE TEST PARTICLE

The test charge ¢ of rest mass m, is moving in the electromagnetic and
gravitational fields. All the commutators between the components of coor-
dinates and momentum of the test charge are now known. Therefore, using
them and the field equations, we can derive the differential equation of
motion of this test charge.

Let us define the force on the particle due to the ficlds as

dp
K,(x, p) =2 (3.1)
From the definitions (2.7) of p* and (2.9) of F,,, we find
it if
[P p 1= =L A0 =T (P08 +0,8%p)  (32)

where the domain in which the metric tensor g,,(x) is analytic has been
considered and the following result has been used (Merzbacher, 1970):

[p..g"]1=ihd, g" (3.3)

Now differentiating equation (2.2) with respect to the proper time ¢ and
then applying (3.2) we obtain
imy

e (p.0,8"+0,8%p.) (34)

[NSRI

Lo K+ 3P, = —

This is the equation of motion of the charged particle in commutator form.
Applying the standard (normal) symmetric ordering convention, we can
define the total derivative of F, (x) as

dr,.(x) 1

= —— (p,0%F,, + 0% 35
di " 2m, (Py0*F,+ 0°F ) (3.5)
Applying this definition to the differential equations (2.9), we also find the
following consistency conditions:

ifg

K]1-{p, K,]=—
[PW 1] [P‘ u] 2m0C

(p0°F,, +0°F,, p,) (3.6)
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Hence to obtain the differential equation of motion of the test charge
one has to find the most general solution of (3.4) subject to the consistency
conditions (3.6). The most general solution of K,(x, p) will be of the form

q . . 1 .
Kv(x9p)=—m c(apocFv+bF vpu)_;n—(Ppmpﬂavgﬂ
4] 0

+0p,0,8"ps+R3, 8% p,pp)+ HJx, p) (3.7)

where a, b, P, Q and R are in general complex numbers independent of x*
and p,. They satisfy the following equations:

a+b=1 (3.82)
2P+Q=1 (3.8b)
0+2R=1 (3.8¢)

H ,(x, p) are arbitrary functions of x* and p, which satisfy the following
commutation relations:

[x* H,(x, p)]1=0 (39)

To determine a, b, P, Q and R uniquely, the solution of K, (x, p) is
substituted in the consistency conditions (3.6). Using the definition (2.9) of
F,, and equations (2.15) and (3.3), we obtain the following result from the
general solution of K,:

[p;taKv]_[pvaKu]
ihga 5 . . N
:_—nzc-pm(gﬂ ayFﬁv+gﬁ avFuB+FBvaugﬁ_Fﬁuavgﬁ)

ihqb
—m—(a Fﬁvg +avF,uﬁg +Fﬂvaug _Fﬂuavg )
of
thP N . .
(Fp.cxpﬂa g vapﬁaug ﬁ+ pacF,uﬁavg ﬁ—paFvﬁap.g ﬂ)
i
LY qQ
0
thR
mo

+[p.»H,1-[p,, H,] (3.10)

( /mav gaﬁpﬂ_Fvaap. guﬂpﬂ+pmav gaﬁFyﬁ'—po(au gaﬂFvB)

(a g“BFuech 0 g prg'i"a g poc uB a g p:vaﬂ)
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Applying the consistency conditions (3.6) and the electromagnetic field
equations (2.16), we find

imgc
hq

([pua Hl] - [pw Hu])

1 x 1 o
:(5—51) pa@ F‘w‘f"(i*’b)a F#\'pa

+{a—P—0Q) p,(F,;0,8% —F,0,g%)

+(b—0—R)(F,;0,8% —F,0,87) p,

+ P(F,.py0, 8" —F,,ps0,8")+ R0, 8" psF— 03,87 p.F.)
(3.11)

H,(x, p) are. arbitrary functions that arise due to the integration of
equation (3.4) and are not a consequence of the existing electromagnetic
and gravitational fields. To maintain this arbitrariness we must have

[p,uaHv(xa p)]‘[pvzHu(xs P)]:O (312)

because otherwise H, will have to depend on the fields and their
derivatives. Equation (3.12) will be valid if all the coefficients of the r.h.s.
of (3.11) identically vanish. Then

I
I

b (3.13a)
b—Q~R (3.13b)
R (3.13¢)

I
i

a=
a—P—Q=0
P=0

Il
i

These equations uniquely determine the numbers a, b, P, Q and R as

a=b=0Q=1 (3.14a)
P=R=0 (3.14b)

which are consistent with equations (3.8a)-(3.8c).
Therefore the differential equation of motion of the test charge

in presence of both electromagnetic and gravitational fields has been found
to be

dp, , 1 } .
moE‘i+§Pa6ug5pﬁ:—E(paFu%-F#px)—%-H#(x,p) (3.15)

where H, are arbitrary functions which satisfy the commutation relations
(3.9) and (3.12). When there are no other fields, H,(x, p) can be chosen to
be zero. Then we get the well-known Finstein-Maxwell equation of motion.
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4. REMARKS AND DISCUSSION

It appears from Dyson (1990) that Feynman’s original motivation was
to find more general methods than the usual quantization program, to find
new ways of looking at physics. Our motivation for generalizing his techni-
ques in curved spacetime was to see how the gravitational field can be
brought into the electromagnetic interactions and in this way to achieve a
somewhat unified theory. Although in this paper the electromagnetic and
gravitational fields are not entirely unified, our theory leads to a unified
equation of motion for a massive, charged test particle in the presence of
both of those fields. Also the field equations for electromagnetism and
gravitation have been linked through these laws of motion.

The work of Feynman and Dyson has also been generalized by Lee
(1990) for non-Abelian electrodynamics. It has been found that Feynman’s
scheme fits very well in the Yang-Milis theory. Although his original aims
were different, considering all these results, it appears that Feynman and
Dyson’s theory may stand as a possible framework for establishing a
unified theory of electricity, magnetism, and gravity. In this connection it
should also be noted that it is not possible to obtain an expression for
H ,(x, p), which appeared in the equation of motion of the test charge, only
from the information of the electromagnetic and gravitational fields. H,
was chosen arbitrarily to be zero, but it will be extremely interesting if H,
contains information of the weak and strong fields interacting with the test
particle. ‘

It is important to note that the bracket [ 4, B] in our calculations may
not be a strictly quantum mechanical commutator. In general, any
arbitrary Lie bracket can work that satisfies equations (2.1) and (2.2)
identically.

For defining p” and dF,,/dt we used the standard (normal) symmetric
ordering convention, which is not necessarily important. By defining

p*=Ep, g™ +ng™p, 4.1)
dr,, 1
jﬁ=m—0 (xp.0°*F,, + A0*F,, p,) (4.2)

where &, n, x, A are all in general complex numbers, and applying the
following equations due to their corresponding classical formulas

E+n=1 (4.32)

y+i=1 (4.3b)
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one can get the same results as the symmetric (normal) ordering conven-
tion. The consistency condition on the force K,(x, p) uniquely determines
the values of all the numbers as 1/2, which implies the symmetric ordering
convention.
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